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Abstract

The current paper details a restricted sematrtics
for active logic, a time-sensitive, cortradiction-

tolerant logical reasoningformalism. Central to
active logic are special rules cortrolling the in-
heritance of beliefsin general,and beliefsabout
the current time in particular, very tight con-
trols on what can be derived from direct con-
tradictions (P &: P), and medanismsallowing
an agert to represen and reasonabout its own
beliefs and past reasoning. Using these ideas,
we introduce a new de nition of model and of
logical consequenceas well as a new de nition

of soundnesssuch that, when reasoning with

consistert premises,all classically sound rules
are soundfor active logic. Howewer, not every-
thing that is classically sound remains sound
in our sense,for by classical de nitions, all
ruleswith cortradictory premisesare vacuously
sound, whereasin active logic not everything
follows from a cortradiction.

1 Intro duction

Real agerts have someimportant characteristics that we
needto takeinto accourt when thinking about how they
might actually reasonlogically: (a) their reasoningtakes
time, meaning that agerts always have only a limited,
ewlving awarenessof the consequencesf their own be-
liefst, and (b) their knowledgeis imperfect, meaningthat
someof their beliefswill needto be modi ed or retracted,
and they will inevitably face contradictions and other
inconsistencies. The challenge from the standpoint of

!Levesque'sdistinction between explicit and implicit be-
liefs [Levesque,1984] points to this sameissue; however, our
approach is precisely to model the ewvolving awarenessitself,
rather than trying to model the full set of (implicit) conse-
guencesof a given belief set.
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classicallogical formalisms is that, if an agert's knowl-
edgebasecan be inconsistert, then accordingto classical
logic, it is permissibleto derive any formula from it.

This fact about classical logics is commonly known
by the Latin phrase ex contradictione quallibet: from
a cortradiction everything follows. Howewer, Graham
Priest has coined the somewhatmore vivid term explo-
sive logics a logic is explosive i® for all formulas A and
B, (A&: A) ! B. Priest de nes a paraconsisten logic
precisely as one which is not explosive [Priest, 2002;
Priest et al., 1989; Priest and Tanaka, Summer 2004.
Now, clearly real agerts cannot tolerate the promiscuity
of belief resulting from explosive logics, and must some-
how maintain cortrol over their reasoning,watching for
and dealing with cortradictions asthey arise. The rea-
soning of real agerts, that is, must be paraconsisten.
But what sort of paraconsisten logic might agens use-
fully employ, what methods might agerts use to con-
trol inferenceand deal with cortradictions, and how can
theselogics (and methods) be modeledin terms of truth
and consequencen structures?

In the current paper we are primarily interested in
the last of these questions. For sometime we have been
deweloping, and have had signi cant practical success
with, a time-sensitive, cortradiction-tolerant logical rea-
soning formalism called active logic [Elgot-Drapkin and
Perlis, 1990;Miller and Perlis, 1993; Nirkhe et al., 1997;
Purang, 2001]. Here we o®era start on a semartics for
such alogic. We hope and expect it will be of interest as
a speci ¢ model of formal reasoningfor real-world agens
that haveto faceboth the relentlessnessf time, and the
inevitabilit y of cortradictions.

2 Activ e logic

One of the original motivations for active logic was the
need to design formalisms for reasoning about an ap-
proaching deadline;for this useit is crucial that the rea-
soning take into accourt the ongoing passageof time as
that reasoningproceeds. Thus, active logic reasonsone



step at atime, updating its belief about the current time
at ead step, using rules like 1.

1) [ : Now(i)
i+1 Now(i+1)

This step-wise,time-aware approac givesactive logic
‘ne cortrol over what it does, and doesnot, derive and
inherit at ead step; note, for instance, that Now(i) is
not inherited at time stepi + 1.2 This is accomplished
by special inheritance rules like 2, showvn below.

i A
@ 1A
[condition: : A 62KB at stepi and A 6 Now(i)]

Sud step-wisecortrol over inferencegivesactive logic
the ability to explicitly track the individual steps of a
deduction. Thus, for instance, an inferencerule canrefer
the results of all inferencesup until nowji.e. thru step
ilas it computesthe subsequen results (for stepi + 1).
This allows an active logic to reason,for example, about
its own (past) reasoning;and in particular about what it
has not yet concluded. Moreover, this can be performed
quickly, sinceit involveslittle more than a lookup of the
current knowledgebase.

Activ e logic's step-wisecortrol over inference,and its
built-in ability to refer to individual stepsof reasoning,
make it a natural formalism for detecting and reasoning
about contradictions and their causes.For as soon as a
cortradiction revealsitselfthat is, assoonasP and: P
areboth preser in the KB|it is possibleto \capture" it,
preverting further reasoningusing the cortradictands as
premises(and thereby preventing any explosionof w®s),
while at the sametime marking their presencejto allow
further consideration of the causeof the cortradiction.
Current implementations of active logic incorporate a
\con’ict-recognition” inferencerule like 3 for this pur-
pose.

[ : P, :P
) i+1 contra(P, : P, )

Through the use of sud rules, direct contradictions
can be recognizedas soon as they occur, and further
reasoning can be initiated to repair the cortradiction,
or at least to adopt a strategy with respect to it, suc
as simply avoiding the use of either of the cortradic-
tands for the time being. Unlike in truth maintenance
systems[Doyle, 1979;1980 where a separateprocessre-
solves cortradictions using justi cation information, in
an active logic the contradiction detection and handling
[Miller, 1993 occur in the samereasoningprocess.Note

2To \inherit" P is, roughly speaking, to assertP at step
i+ 1just in caseit wasbelieved at stepi. However, in atem-
poral, non-monotonic formalism what is justied now may
not be justied later. Thus, although inheriting is a rea-
sonable default behavior, there will be conditions and limits.
Inheritance and disinheritance are directly related to belief
revision [GArdenfors, 198§ and to the frame problem [Mc-
Carthy and Hayes, 1969; Brown, 1987; see [Nirkhe et al.,
1997] for further discussion.

that the contra predicateis a meta-predicate: it is about
the courseof reasoningitself (and yet is also part of that
sameewlving history).

Thus, speaking somewhatmore broadly, active logic is
a paraconsisten logic that achievesits paraconsistency
in virtue of possessingwo simultaneously active (and
interactive) modes of reasoning, which might be called
circumsyective and literal. In literal mode, the reasoning
agert is simply working with, and deriving the conse-
quencesof, its current beliefs. In circumspective mode,
the reasoningagert is reasoningatout its beliefs, noting,
for instance, that it hasderived a contradiction, and de-
ciding what to do about that. It is important to active
logic that theseare not separate,isolated modes, but in-
teractive and part of the sameoverall reasoningprocess.

3 A semantics for real-w orld reasoning

In this section we propose a semariics for a time-
sensitive, contradiction-tolerant reasoning formalism,
based heavily on the basic features of active logic de-
tailed above.

3.1 Starting assumptions

In order to make the problem tractable for our “rst spec-
i cation of the semartics, we will work under the follow-
ing assumptions concerning the agert, the world, and
their interactions:

2 There is only oneagen a.

2 The agert starts its life at time t = 0 and runs
inde nitely .

2 The world is deterministic and stationary fort , 0.
Thus, changesoccur only in the beliefsof the agert
a.

3.2 The language L

In order to expresstheories about such an ager-and-
world, we de ne a sorted rst-order languagelL. We de-
“ne it in two parts: the languagelL ,, a propositional lan-
guagein which will be expressedfacts about the world,
and the languagel ,, a rst order languageusedto ex-
pressfacts about the agert and about the agert's beliefs.
We write Sni,, to meanthe senencesof any language
Lan.

De nition 1 Let L, be a propositional language con-
sisting of the following symbols:

2 aset S of sertence symbols (propositional or sen-
tential variables)S= fS; :i 2 Ng (N is the set of
natural numbers).

2 the propositional connectives: and !

De nition 2 Let L, be a sorted rst-order language
that does not contain variables or quanti ers. It has
three sorts S, S,, and S;. Sort S; is the sort of sertences
in languagelL ,, S; is the sort of times, and S; is the sort
of sertencesin languagelL = L,[ Ly. L, consistsof the
following symbols:



2 the propositional connective :

2 asetof constart symbolsC = f¢j ;i 2 Ng, eadh ¢
is of sort S, (time)

2 a set of constart symbols D
ds, is of sort S; (Sni,,)

2 a set of constart symbols E
e, is of sort Sz (Sn.)

2 the unary relation symbol Now of sort S,

2 the ternary relation symbol contra of sort (S; £
SIES)

2 the binary relation symbol bel of sort (S3 £ S;)

In Ly, Now is usedto expressthe agert's time, the
symbol contra is usedto indicate the existenceof a direct
cortradiction in its beliefs,and the symbol bel expresses
the fact that the agert had a particular belief at a given
time. Thesewill be de ned formally in de nition 5. All
the agert's knowledgeis expressedin Sn, . The agert's
knowledge may be incomplete, incorrect, or corntradic-
tory.

fdy, :i 2 Ng, eath

fe, 1 i 2 Ng, eat

3.3 The semantics of L

In the following se\eral de nitions, we de ne the seman-
tics of the formalism given above, in the standard way.

De nition 3 An L, -truth assignmen is a function h :
S! fT;Fgdened over the set S of sertence symbols
in Ly.

Denition 4 An L, interpretation h (we keepthe same
notation) is a function h : Sn_, ! fT;Fg over Sn_,
that extendsan L, -truth assignmen h asfollows:
h(:')=T () h(C)=F 3

h(* ' A)=F () (h(")=Tandh(A) =F)

We also stipulate a standard de nition of consistency
for Ly: a setof L,, sertencesis consistent i® there is
someinterpretation in which all the sertencesare true.
Notationally we write the usual h = §, to meanall the
sentencesof § are assignedT by h.

4 A model of the agent's L, beliefs

First of all it is important to note that, evenin the case
where the agert's beliefs are incomplete, incorrect, or
inconsistert, there is always a complete and consisten
theory of those beliefsat the meta level, and this theory
can be expressedusing the languagelL ,. For instance,
if the agert believesboth S; and : S;, the two sertences
\the agert believesthat S;" and\the agert believesthat
: §" canboth be true at the sametime.

Thus, we de ne the L 5-structure at time t that models
the theory about the agert's beliefs at the meta level,
given K B2 (the agen's knowledgebaseat time t).
Deniton 5 Let Hf = (S; = Sn_,;S; = N;S3 =
Sni;fcigian;:fdy gian ey gizn s Now; contra; bel)
where:

2 the sort S; is the sort of sertencesin the language

L ; the sort S, is the sort of the times; and the sort
S; is the sort of sertencesin the languagelL

2 8i 2 N;c namesthe time index i

2 Since Ly is a countable language then Sni_, is
countable, so can be enumerated asSn., = % :
i 2 Ng. The d-constarts nameevery elemert in this
set, that is, 8i 2 N;dy, names%

2 Sincel is a courtable languagethen Sn; is count-
able, soit canbeenumeratedasSn, = f|; :i 2 Ng.
The e-constaris nameevery elemert in this set, that
is, 8i 2 N; g, namesy,

2 The relation symbol Now has the following seman-
tics: Hf F Now(cs) () s=tt
Now keepstrack of the time, and indicates the cur-
rent time of the agert's internal clock. Now is a
logical symbol soat every time stepit hasthe same
interpretation in all structures.

2 The relation symbol cortra hasthe following seman-
tics: H{ | contra(dy,;dy ;c) all i;j;k 2 N ()
k - t, %% 2 KBg;, and either % = : % or
% = : % for some% and % 2 Sn_,,
contra indicates that % and %; are in direct con-
tradiction, and that both were in the agert's KB
at sometime ¢k wherek is lessthan or equal to t.
For simplicity of expressionwe will typically write
contra(de; d: @; Ct)-

2 The relation symbol bel hasthe following semartics:
HI F beg,;c) () k- tandp 2 KBR

kel has the rough meaning \b elieves that", and simply
states that a given sertence from L was in the agert's
KB at atime ¢ wherek is lessthat or equalto t. We
will typically write beleg; c;).

Finally we de ne an L-structure that modelsthe the-
ory of the agert-and-world.

De nition 6 An active structure at time t, shortly a-
structure, is an L-structure de ned as follows: M; =<
ht; Htr >

5 A model of the agent's L,, beliefs

Now weturn to the challenging problem of how to model,
at the object level, the agert's beliefs about the world,
given that these beliefs are not just ewlving from mo-
ment to momert, but that at any given time, they may
be inconsistert.

First, we de ne two notions of temporal consistency
relative to the languageL. We will not mention the
languagewhen it is clear from the cortext.

De nition 7 A set of sertences§8 p Sn_ is said to
be temporally-strongly consistert at time t (t-strongly
consistert) if and only if 9(M{)[M¢ F §].

De nition 8 A set of sertences8 p Sn_ is said to be
temporally-weakly consistert at time t (t-weakly consis-
tent) if and only if 9(M)[M: E (8 Sn.,)]

From now on, we will assumethat the agert's KB is t-
weakly consistent, and therefore that the agert's knowl-
edgeat the meta-lewel is t-strongly consisten.



Deniton 9 Let 8§ = f§ 2 P(Sn.) : § is t-weakly
consistert and § is nite g

Next we de ne a new propositional language L to
expressthe awarenessof the agert of its knowledgeabout
the world (the notion of awarenesswill becomeclearer
as we proceedwith our discussion).

De niton 10 The propositional languageL?, derived
from L, consistsof the following symbols:

2 asetof sertencesymbols S°= fS! :j 2 N and S; 2
Lwg. Thus for every sertence symbol in L, there
is a corresponding in nite pool of sertence symbols
in LY.

2 the propositional connectives: ;!

. S
Denitign 11 Let L° = L) La. Let Snoo =
Snig  Sn,. The language L% is usedto expressthe
agert's awarenessof its agert-and-world knowledge.

Note that de nitions 7 and 8 can be extendedto L°

We next de ne a perception (awareness)function for
an agert. The notion of a perceptionfunction isintended
to help capture, at least roughly, how the world might
seemto an agert with a given belief set KB. For a
real agert, only some logical consequencesf its KB
are believed at any given time, sinceit cannot manage
to infer all the in nitely many consequencesn a nite
time, let alone in the presert momert. Moreover, even
if the K B has cortradictory beliefs,the agert still hasa
view of the world, and there will be limits on what the
agert will and won't infer. This is in sharp distinction
to the classicalnotion of a model, where (i) inconsistert
beliefs are ruled out of bounds, sincethen there are no
models, and (ii) all logical consequencesf K B are true
in all models.

The task we are addressing, then, is that of nding
a notion of model basedsomehav on semartic-lik e con-
cepts, yet that avoids both (i) and (ii) above. Our idea|
via perception functions|is to supposethat an ager's
limited resourcesapply also to its ability to inspect its
own KB. Thus,if S; and : S; are both in the KB, the
agert might not realize, at “rst, that the two letters in
guestion are the same. Thus it might seemto the agert
that the world is onein which, say, St is true, and sois
: S2. Only later might the agert realize the two letters
are one and the same.

This allowsthe agen to have inconsistert beliefswhile
still having a consistert world model. Later, when St
and S? are unied into Sili.e., when the agen real-
izesthere is a con®ict|lit  will take someremedial action
such as doubting one or both beliefs. Moreover, it al-
lows us to seehow an agert with inconsistert beliefs
could avoid vacuously concluding any w®, and also rea-
sonin a directed way, by applying inferencerules only
to an appropriately perceived sub-setof its beliefs. We
hope that this approac can shedsomelight on focused,
step-wise,resource-tounded reasoningmore generally.

In our de nition we start with a t-weakly consistert
set 8. The perception function can make changesonly

to § T Sni, , which we call . A perception function
doesnot change8 | j. We assumethat the elemens of
i are ordered alphabetically. We usethe samenotation
per whenthe perceptionfunction is applied to a sertence
symbol, a sertence, or a set of sertences.

De nition
time t is a mapping: per; : §; !

12 A perception (awareness) function at
P(SnLo) de ned by

the following e®ect:

1. Let S¢ bethe ki sertence symbol in j. Fork - n,
per (Sk) = S*. Then for A2 j, per,(A) = A°where
Alis obtained by applying per; to all the applicable
symbolsin A.

2. Let the set of cortradictory pairs be de ned
as follows: CP_ = f< AA > jper(A) =
. peri(A) or peri(A) = : per(A)g,

3. perg§) = (8 i i) fper(AjA 2
ig fcontra(da;dz;c)j < AA >2 CPg
if per(A)j < AA >2 CPg if per(A)] <

A;A>2 CPg

Note that in the above de nition of the percep-
tion function we assumedthat the agert can become
aware of the direct contradictions in its knowledgebase.
And since we assumeinstantaneous awarenessthen this
meansthat the agert can capture thesetypesof cortra-
dictions immediately after they appear in its knowledge
base.

De nition 13 Let PER; be the classof all perception
functions at time t.

Note that there are in nitely many ways of assigning
superscripts to sertences, yielding in"nitely many per-
ception functions at any given time.

Theorem 1 If KB2 is t-weakly consistent, then there
is someper; 2 PER; sud that per;(K B2) is t-strongly
consisten (in L9.

Pro of Agssumethat KB is nite. Consider the sub-
set KB Sn_, = i, and the ordered set of all sen-
tence symbol tokens from S; to S, in j. Apply to
this set of sertence symbols the perception function
< 1;2;3:::;n > according to the procedure described
in de nition 12, to obtain j % That is, replace S; with
Si, S, with S2, etc. The result makes every sertence
symbol appearing in j ° unique. Now, if an even number
of the negation symbol is applied to a sertence symbol
x in a formula ' , we say x occurs positively in ', oth-
erwise we say X occurs negatively in ' . Consider the
following truth assignmen in j % for each symbol that
occurs positively, assigna true value, otherwise assigna
false value. By this assignmen every ' 2 §°would be
true and hence;j %is consisteri. Sincethe remaining sen-
tencesin K B2 are consistert by assumption, per; (K B2)
is t-strongly consisten.

De nition 14 Let per, 2 PER; be a perception func-
tion at time t. We de ne KBJ,, = per(KB{) asthe
agert's perception of its knowledge baseat time t. We



alsode ne WS, = (SnLg \ KBJ, ) asthe agert's per-
ception of the part of its own knowledgebaseconcerning
the external world.

From the above de nition and our prior assumptions,
W, is t-strongly consisten, sothere exists a set of LS,
interpretations Gper, sud that hper, F W[:?er‘ for every

hper, 2 Gper, -

De nition 15 Let per; 2 PER; be a perception func-
tion at time t. Dene Gpey, to be the class of

LY interpretations determined by Weer, -

Now we de ne an L %structure that modelsthe agert's
K B after a perception function has been applied to it.
This is meart to capture the way the world might seem
to the agert at a given time.

De nition 16 Let per, 2 PER; be a perception func-
tion at time t. Then a perceived temporal structure at
time t, shortly pt-structure, is an L %structure de ned as
follows: Mper, = Mper,; H{ i for somehper, 2 Gper,. We
useMper, for the setof all Mper, s.

6 Activ e consequence

At this point we are ready to de ne the notion of ac-
tive conseuene at time t|the active logic equivalent of
logical consequence.

De nition 17 Let §;£ p Sn_ such that § = KBZ2.
Then £ is said to be a 1-step active consequenceof §
at time t, written § F, £, if and only if the following
holds:

(9per; 2 PER{)(9peri+1
Mper )IH{s  F (persa (£) \
(peri+1 (£) \ Snig)]

Roughly speaking, if for the L,, sertences,the set of
conclusions|as perceived by the agert at time t + 1 ac-
cording to the restrictions set out in de nition 12]are
yielded by the antecederts as perceived by the agert at
time t accordingto those samerestrictions, and if for the
L, sertences,the L, structure H{,; models|according
to de nition 5|the agert's perception of the conclusions
at time t+ 1, thenit canbe said that the conclusionsare
one-stepactive consequets of the antecederts.
Examples :

2 PERw1)(8Mper, 2
SnLa)&Mpert F

llet 8 = f5:'g = KB let £ =
fcontra(d ;d.:;c)g. Let perr 2 PER;, sucth
that per;(8) = fcontra(d ;d.: ;c¢)g, and
peris1 2 PERu:1 sud that perii (E) =

fcontra(d ;d.- ;c)g. We have H{, F
fcontra(d ;d.: ;c)g, hence8 1 £.

This caseis very straightforward. Since the conse-
querts cortain only L, sertences,we only needto deter-
mine if the agert's perception of the consequety namely
contra(d ;d.: ;¢), is modeled by H{,,, which clearly
by denition 5t is, since' and:' are contradictory,
and both 2 KB at t.

2 Let § = fNow(t);S1;S1 ! S4;S129 = KB2. Let
£ = fNow(t + 1);S4;S120. Let per; 2 PER;
such that per;(§) = fNow(t);S3;S2 ! SP;st,g
for some a;b;c 2 N. Then 8(hper,) 2 Gyer,,
hper[(sf) = hpert(SE) = hpert(sfz) = T. Let
peri.1 2 PER{+1 where pery+1 (E) = fNow(t +
1);SE; S5,0. Clearly, H{,; F per1(£) \ Sn,
fNow(t + 1)g and hper, F peri+1 (E) \ Snig
fS2; SS,9 for every hyer, . Hence8 1 £.

This is also relatively straightforward, since, once
the perception function has been applied, determining
whether the L,, sertencesin £ are active consequets of
§ is similar to determining this classically; and for the
L, sertencesit is just a matter of being surethat H/,;
models those sertencesaccordingto de nition 5.

3 Let §;£ be as in the previous example with
bel(es,;c:) addedto £. SinceSs 628, then H{,; 6
bel(es,; c) (seede nition 5). So§ 6j; £.

4 Let 8 = fNow(t)g= KB2. Let £ = fNow(t + 5)g
The perception function can only give these same
sertences: per;(8) = fNow(t)g and peri+1 (E) =
fNow(t + 5)g. But H{,; 6 fNow(t + 5)g at time
t + 1 (seede nition 5), and so§ 6j; £.

A more general notion of active consequencecalled
an n-step active consequenceis de ned recursively from
1-step active consequence.

De nition 18 Let §;£ p Sn_ suc that 8§ = KB2.
Then £ is said to be an n-step active consequencef §
at time t, written 8 F, £, if and only if the following
holds:

9i U SN 8 Fn1i andj F1 £

Finally, we de ne active consequencewritten 5, in
terms of n-step active consequence.

De nition 19 Let §;£ p Sn_ suchthat § = KB2. £
is saidto be an active consequence®f §, that is, 8§ F, £,
i®8§ F, £ for somen 2 N.

Example:

1. Let § = KBta = 5,5, ! : 510 and £ =
fcontra(ds,;d. s,;t+ 1)g. Then § F, £ asfollows.

Let i = fS;;: S19. Let pery 2 PER; such that
per,(8) = fS§;SH;S2 ! : Sfg for somea;b;c 2 N.
Then for every hper, 2 Gper, the following must hold:
hper, (S§) = hper, (S3) = T; hper, (Sf) = F.

Let peri+1 2 PERi+; where peri+1 (j) = fS2;: S§g.
Clearly: 8(hpert) 2 Gper‘ , hpert F pert+1 (i)a hence§ F 1
i. Notice that j is potentially part of KB2,, and that
oncein the K B, the superscripts a and c are dropped, so
that the sertenceswould appearin KB&,; asfS;;: Si0.

Next, let peris, 2 PERy2; where per, (E) =
contra(ds,;d. s,;t+ 1). SinceS;;: S; 2 | (potentially
part of KB, ), then H{,, F per2 (E), hencej F1 £.

Sowehave 8 F; i andj i £; this proves§ F £,
and thus § F, £.

The point of this example is that, in active logic, it
can take time for particular sertencesto appear in the



K B. So, for instance, becausethe cortradiction in § is
indirect, it will not becomea direct cortradiction until
t+ 1jthat s, time t+ listhe rst time that both S; and
. S; are actually in the KB. This is important because
oneof the conditions of contra(dy, ; dy, ; s) is that % and
% arein the KB at time s, and this doesnot happenin
our exampleuntil t+ 1. It is at this point that the contra-
diction can be recognized,and fcontra(ds, ;d. s,; Ct+1)d
can be asserted.

Note that this approach to logical consequenceallows
one to de ne possiblevalid paths of reasoning, and, in
the caseof 1-step active consequencethe shortest possi-
ble valid path. However, a given agert may or may not,
in practice, take the shortest possiblevalid path to reac
a given conclusion. Any given agen, reasoningvalidly,
may still reasonmore or lessezciently, or more or less
directly to a particular conclusion,dependingon the way
it perceivesits K B, and on the inferencerulesit in fact

employs.

6.1 The relation between logical
consequence and activ e consequence

The following theorem gives a key result regarding the

relationship between classical propositional logical con-
sequencend active consequencérestricted to sertences
in Ly). It saysthat for a consisten KB = §, £ is a
classicallogical consequencef §, i®it is an active conse-
guence. Intuitiv ely this should make sense.For consider
that ewvery given set of consistert sertenceshas a cer-
tain de nite setof conclusions|call this the \inferential

power" of the set. We would expect this same set in

active logic to have at least as much, but not more, in-

ferertial power asit hasunder classicallogic. \A t least
as much" becauseone possible perception function, by

assigningthe samenumber to ead sertencein § essen-
tially leavesthe set of sertences,and therefore its infer-

ertial power, unchanged. \Not morethan" becausehere

is no perception function that increasesthe inferertial

power of a givensetla perception function either leaves
the inferential power the same,or reducesthe number of
things that can be inferred.

Theorem 2 Let §;£ p Sn,. If § is consisten, then
the following holds:

SFE£() S§Faf
Pro of Let A= 1{S;,; ¢t S; gbethe setof all sertence
symbols appearing in §, and let B = f§;,; ¢¢¢; S; g be
the set of all sertence symbols appearingin £.

) If 8 £ then8h:h F 8 ) hfE £ Con-
sider per; 2 PER; where all instances of ewery sen-
tence symbol Sy in its input gets mapped to St. Then
the following holds: (8h F 8)(8h9:h° per;(8) ()
(8Sk 2 A:hqS}) = h(Sk)), whereh is an Ly -truth as-
signmert and h®is an LY -truth assignmemn. Consider
per..n = per;, then the previous sertence holds when
replacing 8 by £, A by B, and per; by per..,. Hence
§ Fak.

( If 8 § £, then there exists an L -truth assign-
ment h such that h F 8§ and h 6 £. Then h § p

for somepu 2 £. Let per; be some perception func-
tion at time t; let §° = per/(8). Let per., be some
perception function at time t + n; let £°= per  (£);

let W°° 2 £° be the mapping of p under this func-
tion. Consider the following L{-truth assignmen h°
where hO(Si'll) = h(S,); ¢ee; hO(Si'n”) = h(s;,) for all
j1;¢¢¢;j, 2 N. Clearly, h°= §%and h®gj |°, so§ 6j, £.

Note that the above theorem doesrit hold for all L,
sertencesl|that is, a given set of L, sertences§ might,
in active logic, yield somelL , sertencesthat would not
be yielded by classicallogic.® Consider for instance § =
fSigattand £ = fbeles,;c)g at t + 1. The sertence
bel(es, ; ¢;) is an active consequenceof S; (at t), but is
not a classical logical consequence. So the inferertial
power of a given setis increasedin active logic, but only
in its yield of L, sertences.

Of course, it is preciselythe fact that active logic per-
mits the inferenceof certain additional L ; sertencesthat
allows it to reduce the inferential power of inconsistent
sets. This is crucial because(as previously noted) in
classicallogic the inferential power of an inconsistert set
is inde nitely large. For active logic, however, there are
only two possibilities for inconsistert sets: either (1) the
set is made consistert by a perception function that as-
signs di®eren superscript numbers to the relevant sen-
tences, in which casenothing will follow from the con-
tradiction (as there will be no contradiction), or (2) the
contradiction will be recognizedand contra(d ;d.: ;c)
(and only this) will follow from the cortradiction (see
de nition 26 and theorem 8, below).

This brings usto our notion of sound inference,which
we de ne in terms of n-step active consequence.

De nition 20 An active sound (a-sound) inference is
onein which the consequen is an active consequencef
the anteceden.

7 Sound and unsound inferences in

activ e logic
At this point we arein a position to de ne someinference
rules, beginning with the rules most certral to active
logic.

7.1 Some activ e-sound inference rules
First we de ne the timing inferencerule.
De nition 21 If now(t) 2 KB (remember KB2 is t-

weakly consistert), then the timing inferencerule is de-
“ned as follows:

t: Now(c)
t+ 1:Now(C1)

Theorem 3 The timing inferencerule is a-sound.

3This is in addition to the obvious fact that by classical
inference f N ow(1)g would not yield f N ow(2)g.



Proof We need to shov that fNow(c)g Fi1
fNow(c+1)g at time t. This holds by deni-
tion 12 of the perception functions: 8peri.; 2
PER+1 :per+1 (FN ow(ci+1 )g) = fN ow(ci+1)g

and by denition 5 of L-structures: H{, F
fNow(c+1)0.

We also de ne the direct contradiction rule.

De niton 22 If ; :' 2 KB, where' 2 Sn_, and
:' 2Sn_,, then the direct cortradiction inferencerule
is de ned as follows:

t:h !

t+ 1:contra(d ;d. ;¢)

Theorem 4 The direct cortradiction inferencerule is
a-sound.

Proof We need to shov that f'5 :'g F1
fcontra(d ;d..;c)g at time t. This holds
by denition 12 of the perception functions:
8peri+1 2 PERy4g iper+ (fecontra(d ;d. . ;c)g) =
fcontra(d ;d.: ;c)g

and by denition 5 of L-structures:
fcontra(d ;d.  ;c)g(since’; :'
and hencein K Bg).

We de ne the introspection inferencerule as follows.

De niton 23 If ' 2 KB@, where' 2 Sn_, then the
introspection inferencerule is de ned as follows:

[
t+ 1:bele ;¢)

| Hi, F
are in the antecederis

Theorem 5 The introspection rule is a-sound.

Pro of We needto shov ' [ bele ;¢) at time t.
This holds by de nition 12 of the perception functions:
8peri+1 2 PER+ :per+1 (fbelle ;¢)g) = fbelle ;c)g
and by de nition 5 of L-structures: H{,; F fbele ;c)g
(since' isin the anteceders and hencein K B2).

We de ne the negative introspection inferencerule as
follows.

De nition 24 If ' 62K B@, where' 2 Sn_ for some
i 2 N, then the negative introspection inferencerule is
de ned asfollows:
t:KBZ
t+ 1:: bele ;c)

Theorem 6 The negative introspection rule is a-sound.

Pro of We needto shov KB2 =4 : bele ;¢) at time

t. This holds by de nition 12 of the perception func-

tions: 8peri.1 2 PER.: per+ (f: bele ;c)g)

f. belle ;¢)g and by denition 5 of L-structures:
{4 F f belle ;c)g(since’ 62KB2).

We can de ne the equivalent of the modus ponensin-
ferencerule]activ e modus ponens,or AMP|as follows.

Deniton 25 1f ; ' | A2 KB, then the AMP in-
ferencerule is de'ned as follows:
t:w 1 A
t+1:A

Theorem 7 The AMP inferencerule is a-sound.

Pro of We needto shav f'; ' | Agj, fAg at time
t. Let pery 2 PERy, following the same procedure as
described in the proof of theorem 1, except that both
instancesof ' are mapped to the samesertence' 1. So
we have per;(f; ' | Ag) = f'1;' 11 Alg. From the
proof of theorem 1, we can seethat this latter set is
consistert and any interpretation must satlsfy the foI-
Iowmg 8(hper1) 2 Gper,-hpert( ) - hperl(A)

Let per+1 2 PERHl such that peris; (FAQ) = fAlg,
then 8(hpert) 2 Gpert pert F A g.

7.2 Activ e-unsound inference rules

We have examined a number of instances of classically
unsound inference rules, and get the expected intuitiv e
results that these inferences are also active-unsound.
Howevwer, one rule that is classically sound, but active-
unsound, is the explosive rule. This shows that active
logic is a paraconsisten logic, somethingwe considerone
of its advantagesover classicalformalisms.

De nition 26 We'll call the rule where (A and : A)
implies B the explosiwve rule:

toh o
t+1:A
Theorem 8 The explosiw inferencerule is a-unsound.

Pro of There are two general casesto consider, onein
which the perception function treats the sertences as
di®erent, i.e. assignsthem di®erent subscripts, and an-
other in which the perception function at time t treats
the sertencesin the antecedert asthe same i.e. ascon-
tradictory, giving contra(d- ;d. - ;c).

1. For three numbersi; j;k 2 N, such that i 6 j, and
k may equal either i or j or nelther4 the percep-
tion function givesper (f'; : ' g) = f'7;:'lg, and
per.1 (FAg) = fAkg. However, for every one of the
possiblenumeric assignmetts to i; j;k, (that is, for
every per; 2 PER; exceptthat discussedin clause
(2)) there is at least one interpretation hper, sudc
that f' ';: ' 1 g 6j fAkg, namely the one which as-
S|gnsboth "ifand: ') to T and AX to F.

2. For the only remaining per; 2 PER;, that
gives per(f'; : ' @) fcontra(d ;d.: ;c)g and
peri+1 (FAg) = fAKg, there is also at least one in-
terpretation hper, sud that fcontra(d ;d. - ;c)g 6j
f Akg, that assignscontra(d- :d.: ;c¢) to T and AK
to F.

o=
contra(d. i ;d.

the perception function must produce
< j; d), in which caseseeclause(2).



8 Conclusion and Future Work

In this paper we have outlined a sematrtics for a time-
sensitive, contradiction-tolerant logical reasoning for-
malism designedfor on-board use by real-world agerts.
Certral to the semariics is the notion of a perception
function, inspired by the idea that, until an agert no-
ticesthat a set of beliefsis inconsistert, that set seems
consisterfjand  that when a cortradiction is noticed,
that fact can be explicitly registered by the agert, and
further reasoningwith the contradictory beliefs can be
curtailed.

To keepthis initial presenation relatively simple, we
made a number of assumptionsthat in future work we
will discard. The mostimportant of theseassumptionsis
that the world is stationary, and thus all facts about the
world are timelessly true. It should be noted that there
is no problem in principle with applying active logic to
the caseof reasoningabout a changing world|after all,
the facts that beliefs are held at times, that the KB
changesover time, and that inferenceis itself a tempo-
ral phenomenon, are all already explicitty modeled by
the formalism. To handle a changing world, we would
alsohave to model the additional factsthat beliefscanbe
held not just at times, but alout facts-at-times, and even
about the durations of facts|e.g. that it rained yester-
day, or that it rained yesterday for 1 hour betweennoon
and one. Such modi cation is straightforward. There are
sometricky aspects to modeling proper reasoning with
temporally relative beliefsin a changing world, but for
this we can avail ourselvesof the extensiwe literature on
default reasoningand non-monotonic temporal logics.

Future work will alsoconsidermultiple agerts, reason-
ing both about the world and about oneanother's beliefs,
and extending the semartics to include predicates.

Finally, we acknowledge that fuller understanding of
this work will require comparisonand cortrast with re-
lated e®orts, e.g., [Gabbay, 1999; Ismail and Shapiro,
2000; LespBrance and Levesque, 1995; Martins and
Shapiro, 1989. We regret that spacecontraints made
such discussionimpossiblein this case.
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